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Abstract
We review the Eulerian description of hydrodynamics using Seliger-Whitham’s
formalism (in classical case) and Schutz’s formalism (in relativistic case). In these
formalisms, the velocity field of a perfect fluid is described by scalar potentials.
With this we can obtain the evolution equations of the fluid and its Hamiltonian.
In the scenario of quantum cosmology the Schutz’s formalism makes it possible to
introduce phenomenologically a time variable in minisuperspace models.
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1
1 Introduction
The study of hydrodynamics always been present in physics, both in its classical con-
text as in modern physics [1]. Its theoretical origins date back to the eighteenth century
with Daniel Bernoulli’s works comprising two older areas, namely the hydrostatic and
hydraulic. With the hydrostatic many contributions came from the Greeks and Romans.
Archimedes and your principle and Pascal also contributed to the study of incompress-
ible flow (the divergence of the flow velocity is zero) and at rest. Hydraulic already
covered a more practical area involving fundamental engineering and applied sciences.
In general, the interest in hydraulic was related to the technology involving irrigation
methods, events in agriculture and grinding grains. Despite several phenomenological
studies, the hydrodynamics reached a high level in the eighteenth century. In addition
to Bernoulli, contributions were made by many scientists as d’Alembert, Euler, Navier,
Stokes, Helmholtz and Kirchhoff among others.
The study of fluid flow was developed before the conclusion of a great discussion about
if the matter was made up of discrete particles or could be considered as a continuous,
infinitely divisible, where the matter was seen as a whole. In the case of hydrodynamics, we
must address the phenomena of the macroscopic point of view, with its defined properties
at each point in space, and not considering microscopic elements. Thus, in a large number
of situations it is possible to treat a fluid as a solid substance being identified with a set
of points in RN , where N is related to the dimension to which we are working.
To define a fluid we can use two specific descriptions: the Eulerian description and
the Lagrangian description. Consider a discrete parcel or volume of the fluid carrying
their own physical properties that in turn vary with time. The description of the fluid
as a whole, made following the evolution of each of the parcels moving in time is called
the Lagrangian description. The basic properties of a given parcel of the fluid can be
represented in the Lagrangian description as ρ(t), p(t), ~v(t), etc. The Lagrangian method
is often used in the description of experiments and in numerical simulations.
If, on the other hand, we consider the evolution of the physical properties at each point
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in space, instead of following the evolution of the parcels of fluid, we have the Eulerian
description. It can be regarded as a field description in the sense that every point in space
have certain physical properties that can be studied and analyzed. Thus, the properties
of the fluid flow at a specific position will depend on the spatial position and temporal
coordinate. From a mathematical point of view, we can represent the properties of the
fluid as ρ(~x, t), ~v(~x, t), p(~x, t), etc. In general, to be mathematically simpler to apply we
mainly use the Eulerian description.
The formalism that we review in this article it has an ancient origin. Already in 1859,
Clebsch [2] showed that the velocity field of a fluid (in fact, any vector field) could be
described with the use of three scalar potentials in the form
~v = ~∇φ+ α~∇β .
However, this decomposition had a disadvantage: the potentials φ, α and β had no clear
physical interpretations because there were no individual evolution equations for them.
Seliger and Whitham [3], in order to avoid this difficulty, made a decomposition of the
velocity field in terms of five scalar potentials, rather than the minimum number of Cleb-
sch. Using this technique they have obtained the evolution equations of a classical fluid
in Eulerian description through a variational principle. In this formalism, the Lagrangian
density is extremely simple, being only the fluid pressure.
The idea of using a hydrodynamic analogy in other areas of physics is quite common
and the list is big. We find, for example, these analogies in studies involving the following
areas: plasma physics, optics, many problems involving electromagnetism, turbulence,
solid state physics in liquid crystal studies, elastic media studies, acoustics, atmospheric
physics, geophysics, magnetism, astrophysics, cosmology, etc.
In the case of cosmology, the analogy is of fundamental importance because of the
complexity of the subject. The matter that fills the universe as a whole is regarded as
a fluid that expands with galaxy clusters representing the particles of this fluid. The
simplest case is one where we considered the fluid behaving like a perfect fluid with a
state equation of type p = αρ. In more elaborate models we can consider torsion, shear,
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etc. In the case of quantum cosmology the Schutz’s variational formalism, [4, 5] is a
relativistic generalization of the work of Seliger-Whitham and Whitham, now making
use of six velocity potentials (one more than in the Newtonian case because now we use
four-vectors like four-velocity) and including the effects of the gravitational field, from the
point of view of general relativity.
Here in this work we propose to do a review of the work of Seliger-Whitham and
Schutz, showing their similarities and differences. We also make a discussion of Schutz’s
formalism applied to quantum cosmology.
The outline of the paper is as follows. In Section 2, we introduce the Seliger-Whitham
formalism. We begin, in Subsection 2.1 constructing the action and we derive the evolution
equation of the hydrodynamical system. Then, in Subsection 2.2, we obtain the evolution
equations through the Hamilton principle. In Section 3, we show how to construct the
Schutz’s formalism with the relativistic velocity potentials representation. For starters, in
Subsection 3.1, we introduce the basic relativistic formalism. In Section 4, we show how
we can use the Schutz’s formalism in quantum cosmology. Finally, in Section 5, we show
our final words about this subject. In Appendix A we provides a elementary study of the
thermodynamics of one perfect fluid.
2 Seliger-Whitham Formalism
In 1968, Seliger and Whitham [3] released an important article describing the hydro-
dynamics, plasma dynamics and elasticity through the variational principle. For this they
use the representation by velocity potentials to write the electromagnetism field equations
and fluid dynamics in Eulerian description. The latter case is what interest us here in
this article. This construction is presented below.
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2.1 Constructing the Action
In the Eulerian description of fluid mechanics1, the independent variables are the
position (fixed) ~X and the time t. The Eulerian velocity ~v( ~X, t) is the velocity of the
parcel 2 of fluid passing by ~X at time t. All other dependent quantities are analogously
defined. The evolution equation is described as
ρ
(
∂V i
∂t
+ V j
∂V i
∂Xj
)
= − ∂p
∂X i
. (1)
In addition, we will impose as constraints the conservation of mass
∂ρ
∂t
+
∂
∂Xj
(ρV j) = 0 , (2)
and the conservation of specific entropy (the entropy per unit mass)
∂s
∂t
+ V j
∂s
∂Xj
= 0 . (3)
The constraint (3) implies the absence of heat flow through the walls of the parcel.
To these results we add the equation of state
p = p(ρ, s) . (4)
The central issue here is: how to get the equations (1), (2) and (3) from a variational
principle? The idea would use the action 3
Sε =
∫
dt
∫
d3X
{[
1
2
ρV iVi − ρε
]
+ φ
[
∂ρ
∂t
+
∂
∂Xj
(ρV j)
]
+ θ
[
∂s
∂t
+ V j
∂s
∂Xj
]}
, (5)
1as Reference [4], "History has mercilessly given us half a dozen different uses for the names of Lagrange
and Euler. The adjectives Lagrangian and Eulerian refer, respectively, to observers comoving with the
fluid or fixed with respect to some arbitrary reference frame through which the fluid flows. The functional
whose integral is extremized in a variational principle is the Lagrangian density. Finally the equations
that express the extremal conditions are the Euler-Lagrange equations. Because we wish to emphasize the
Eulerian nature of the velocity potentials, we shall henceforth speak of their evolution equations rather
than of their equations of motion."
2 Is called parcel the fluid element with non-null infinitesimal volume and surface area.
3It is appropriate to modify the traditional Lagrangian density, replacing the potential energy of the
system by the internal energy as [6].
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where ρ(X i, t) is the density of the fluid, V i(X i, t) the fluid velocity, ε(X i, t) is the internal
energy per unit of mass of the fluid passing through the point X i at the instant t and φ
and θ are Lagrange multipliers.
By varying the above action with respect to V i, we obtain the following equation
Vi =
∂φ
∂X i
+ s
∂θ
∂X i
. (6)
However, as discussed in Reference [3], this result is not as general as we would desire.
If the entropy density s is constant, the velocity field V i, equation (6), can be written as
Vi =
∂(φ + sθ)
∂X i
,
and the conclusion obtained is that the above equation expresses a velocity field as the
gradient of a scalar, i.e., V i = ∂iΦ
i, where Φ = φ + sθ. But the curl of a vector field
written as a gradient of a scalar function is zero. In our case we have εijk∂jV
k = 0.
This is called potential flow or irrotational flow, a subset of flow of an ideal fluid. As
we want that rotational fluids could be described even when the entropy per unit mass
does not vary spatially, it is necessary to change (5). To resolve this issue, the Reference
[7] proposed the inclusion of a new constraint (and, therefore, a new free parameter) in
action expression: the conservation of the starting position during the flow
∂αi
∂t
+ V j
∂αi
∂Xj
= 0 . (7)
Including this remaining of the Lagrangian description, we now have three new con-
straint’s equations. However, also as discussed in Reference [3], for our purposes, we
consider just a single component, which will identify for α only.
Thus, the equation (5) becomes
Sε =
∫
dt
∫
d3X
{ [
1
2
ρV iVi − ρε
]
+ φ
[
∂ρ
∂t
+
∂
∂Xj
(ρV j)
]
+θ
[
∂s
∂t
+ V j
∂s
∂Xj
]}
+ β
[
∂αi
∂t
+ V j
∂αi
∂Xj
]
. (8)
By varying the action, equation (8), with respect to V i, we get
Vi =
∂φ
∂X i
+ s
∂θ
∂X i
+ α
∂β
∂X i
, (9)
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so it is possible to describe the vorticity independently of entropy gradients. Still, by
varying with respect to ρ, s and α we obtain, respectively
1
2
V iVi − ∂
∂ρ
(ρε) =
(
∂φ
∂t
+ V j
∂φ
∂Xj
)
+ s
(
∂θ
∂t
+ V j
∂θ
∂Xj
)
+ α
(
∂β
∂t
+ V j
∂β
∂Xj
)
, (10)
∂ε
∂s
= −
(
∂φ
∂t
+ V j
∂θ
∂Xj
)
, (11)
and
∂φ
∂t
+ V j
∂θ
∂Xj
= 0 . (12)
Integrating by parts the equation (8) and discarding surface terms, we get
L = 1
2
ρv2 − ρε− ρDφ
Dt
− ρsDθ
Dt
− ραDβ
Dt
, (13)
where we have used the usual notation of material derivative, also called substantial
derivative, that describes the time rate of change of some physical quantity like energy,
temperature or momentum at a fixed location, seen by an observer moving along with
the flow with velocity V j and given by
D
Dt
≡ ∂
∂t
+ V j
∂
∂xj
. (14)
In general, the material derivative can serve as a link between Eulerian and Lagrangian
descriptions of continuum deformation
To simplify the expression of the Lagrangian density, we use the first law of thermo-
dynamics
dε = Tds− pd
(
1
ρ
)
, (15)
where dε is the internal amount of energy per unit rest mass and ρ is the density of rest
mass.
Consequently, we have
∂(ρε)
∂ρ
= ε+
p
ρ
≡ µ , (16)
∂ε
∂s
= T , (17)
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where µ(ρ, s) is the enthalpy per unit mass, which is the sum of the internal energy of the
system plus the product of the pressure of the gas in the system times the volume of the
system, and T (ρ, s) is temperature.
Substituting the equation (16) into equation (10) we have the next result
µ =
1
2
v2 − Dφ
Dt
− sDθ
Dt
− αDβ
Dt
. (18)
Finally, substituting equation (18) into equation (13), and using the equation (16) we
get this extremely simple form to the Lagrangian density, equation (13), and the new
corresponding action
L = ρµ− ρε = p → S =
∫
d3x p . (19)
2.2 The old equations in the new formalism
We will now use the previous Lagrangian density, equation (19), to obtain the evolu-
tion equations through the Hamilton principle. For this, we need to vary the following
expression
S =
∫∫
p(µ, s)d3x dt . (20)
By equations (15) and (16), we see that
dp = ρdµ− ρTds . (21)
Introducing a priori the velocity potentials representation, equation (9)
Vi = ∂iφ+ s∂iθ + α∂iβ , (22)
together with the equation (18), conveniently rewritten in the form
µ = −∂φ
∂t
− s∂θ
∂t
− α∂β
∂t
− 1
2
(∇φ+ s∇θ + α∇β)2 , (23)
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we obtain
Dρ
Dt
= −ρ∇ · v , (24)
Dθ
Dt
= −T , (25)
Ds
Dt
= 0 , (26)
Dβ
Dt
= 0 , (27)
Dα
Dt
= 0 . (28)
The equations in the new formalism (24)-(28) have been proved to be equivalent to the
traditional ones (1)-(3), in the sense that all the solutions of the traditional equations are
included in the solutions of the new ones.
In order to obtain the hamiltonian density, we will follow [8]. The authors calls
our attention to the fact that, contrary to the usual case, we obtain the same number
of equations that using the lagrangian formalism. This occours because the lagrangian
equations are already of first order in time. We have only three non-zero conjugated
momenta. They are
Πφ ≡
∂L
∂φ˙
= −ρ, (29)
Πβ ≡ ∂L
∂β˙
= −ρα, (30)
Πθ ≡ ∂L
∂θ˙
= −ρs. (31)
The hamiltonian density is simply
H = φ˙Πφ + β˙Πβ + θ˙Πθ −L, (32)
and, using (29) - (31), we obtain
H = − 1
2Πφ
(Πφ∇φ+Πβ∇β +Πθ∇θ)2 − Πφε(Πφ,Πθ). (33)
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3 The Schutz’s formalism: the relativistic velocity
potentials representation
Between 1970 and 1971, B. F. Schutz published two seminal articles [4]-[5] with the
aim of analyzing the behavior of a perfect fluid in a relativistic version. As in the Seliger-
Whitham formalism, this version also writes the hydrodynamic equations of perfect fluid
through the velocity potentials. In this way, we can understand this relativistic version as
a generalization of treatment provided through the Seliger-Whitham formalism presented
in the previous section, although there is not a formal demonstration of reduction of
relativistic version to the Newtonian version, as happens in general relativity and quantum
mechanics in relation to Newtonian mechanics.
The Schutz’s articles describe the perfect fluid in Eulerian form in terms of six velocity
potentials, where five are scalar fields and the sixth is the entropy s. When we vary the
action in relation to the scalar fields we obtain the evolution equations of the velocity
potentials and when we vary the action in terms of the metric tensor, we obtain the
Einstein equation that represent this fluid.
The Hamiltonian description of fluid is also obtained by Schutz. This analysis is
fundamental to the quantization process of physical systems that will be seen more for-
ward (considering here only the first quantization or canonical quantization or quanti-
zation of Dirac), associating classical observables with quantum operators. Through the
Arnowitt-Deser-Misner (hereafter referred to as ADM) canonical theory we split the four-
dimensional spacetime in an appropriate (3 + 1)-dimensional spacetime considering an
observer at rest in a hypersurface with constant coordinate time. The description of the
fluid is made in terms of two independent sectors, one related to energy density and
another related to the fluid.
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3.1 The relativistic formalism
The relativistic one component perfect fluid is represented by a equation of state of
type p = p(µ, s) and the energy-moment tensor written as
T µν = (ρ+ p)UµUν + pgµν
= ρ0µU
µUν + pgµν , (34)
where µ = (ρ + p)/ρ0 is the specific inertial mass, also known as enthalpy, as defined
by Schutz in References [4, 5]. At this point it is interesting to make clear that there is
no standardized notation in the literature regarding the relativistic hydrodynamics and
also with the Newtonian interpretation developed by Seliger-Whitham [3]. We present in
Table 1 a comparison of the notations used in this article, similar to other tables shown
in relativistic hydrodynamics books [9]. This discussion will be examined again in the
Appendix A.
Table 1: Hydrodinamic notations.
Quantity/Reference Seliger [3] Schutz [4]
rest-mass density ρ ρ0
mass-energy density ε ρ = ρ0(1 + Π)
Enthalpy µ = ε+ p
ρ
µ = 1 + Π+ p
ρ0
= ρ+p
ρ0
Because it is a perfect fluid, the energy-moment tensor shows no viscosity or heat
conduction and his signature on a locally comoving inertial reference is (ρ, p, p, p).
The condition for the conservation of the baryons number is expressed as
(ρ0 U
µ);µ = 0 . (35)
Classically, this result corresponds to mass conservation, expressed by the equation (2).
Furthermore, the normalization condition of four-velocity is
UνUν = −1 , (36)
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which leads to
UνUν ;σ = 0 . (37)
Considering the moment-energy tensor with zero divergence, i.e.,
T µν ;ν = 0 , (38)
the evolution equations can be expressed in the form of conservation laws.
We will follow the references [4] and [10] to obtain the equations of hydrodynamics of
relativistic fluid.
On the constraints imposed by the eq. (35) and eq. (36), the four equations in (38)
will determine the movement of a fluid for which is known the equation of state. To
get a clear interpretation of eq. (38), the perpendicular and parallel components to the
four-velocity should be separated. For the parallel component, we write
UµT
µν
;ν = Uµ[ρ0µU
µUν + pgµν ] ;ν = U
νp,ν − ρ0 Uνµ,ν = 0 , (39)
where we used above the equations (35), (36) and (37). By p,ν = ρ0µ,ν − ρ0 Ts,ν, the
relativistic version of the equation (21), the expression (39) becomes
ρ0TU
νs,ν = 0 , (40)
i.e., the motion of a relativistic perfect fluid preserves the entropy per baryons. Classically
this result matches with specific entropy conservation, equation (3).
To make explicit the perpendicular component, we define the projection tensor
P σ µ = δ
σ
µ + U
σUµ . (41)
Under the action of the above projection tensor the equation (38) become
P σ µT
µν
;ν = 0 ,
and by using the equations (35), (36) and (37), it is possible to write
− Pσ νp,ν = µρ0 Uσ;νUν . (42)
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If we take Uν = δν 0, we find the following expression
− ~∇p = (ρ+ p)d~v
dτ
, (43)
where ~v is the three velocity and τ is the proper time. Thus, we verify that the expression
(42) is the relativistic version of (1)
Using again the Pfaff theorem and considering the four-velocity as a four-dimensional
function of the spacetime coordinates, we see that there are four scalar functions (A,B,C,D)
that describes the four-velocity, in the form
Uν = AB,ν + CD,ν .
Schutz extended the Seliger-Whitham idea for the relativistic formalism with intro-
duction of two new potential, each one with its evolution equation. Thus, the four-velocity
takes the form
Uν = µ
−1(φ,ν + αβ,ν + θ s,ν) . (44)
Thus, s is the entropy per baryon and µ the enthalpy. This is a generalization of equation
(9) with the introduction of the enthalpy as a new potential and the replacement of the
term −sθ,ν for θs,ν .
The potentials α and β are associated with rotational movement and must be null in
theories that describe homogeneous systems.
From the imposing of equation (36), we have
µ2 = −gσν(φ,σ + αβ,σ + θ s,σ)(φ,ν + αβ,ν + θ s,ν) , (45)
that is, the enthalpy is a function of the other velocity potentials, similarly as equation
(18).
For the formulation be useful, in conformity with the four-velocity shown by equation
(44), it is necessary that the known equations of a perfect fluid can be reproduced using
an appropriate action. As mentioned previously, the Schutz’s representation is associated
with a variational Lagrangian principle that generalizes the equation (19) to the general
relativistic case as follows
L = √−g(R + 16πp) , (46)
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where R is the curvature scalar of the time-space and p is the pressure of the fluid.
Consider following action
S =
∫
d4x
√−g(R + 16π p) . (47)
The calculation of the variation of the action above is obtained from
δ(
√−gR) =
(
Rσν −
1
2
gσνR
)√−g δgσν ,
and
δ(
√−g p) =
(
−1
2
pgσν +
∂p
∂µ
∂µ
∂gσν
)√−g δgσν ,
but taking into account equation (45) we have
∂µ
∂gσν
= −µ
2
UσUν .
Furthermore, from equation (21), we obtain
∂p
∂µ
=
(ρ+ p)
µ
,
so
δ(
√−gp)
δgσν
= −
√−g
2
[pgσν + (ρ+ p)µUσ Uν ] .
If δS
δg
= 0, we find the well-known Einstein’s equation for a perfect fluid
δS
δgµν
= 0 → Rσν −
1
2
gσνR = 8π[pgσν + (ρ+ p)Uσ Uν ] . (48)
By varying the action with respect to the velocity potentials β, α, S and θ, respectively,
in an analogous procedure to that done previously, we found four non-linear coupled first
order equations
Uνα,ν = 0 , (49)
Uνβ,ν = 0 , (50)
Uνθ,ν = T , (51)
Uνs,ν = 0 . (52)
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Contracting (44) with Uν and using (50) and (52) we obtain
Uνφ,ν = −µ . (53)
Finally, when we vary the action with respect to φ, we regain the baryon number conser-
vation (35).
The equations (51) and (53) reflect the dynamic character of the potential θ and φ
with their evolutions determined by the thermodynamic conditions of the fluid.
The equations in the new formalism are also equivalent to those in the old formalism,
as in the classical case. This proof of this equivalence is done in [4] in a very elegant way.
4 The Schutz’s formalism in quantum cosmology
Quantum cosmology [11, 12, 13] is one of the least explored aspects of quantum gravity
program. It is the application of quantum theory to the universe as a whole. This can be
done because in the so-called Planck time, about 10−44s after the beginning, the universe
had a size of 10−33cm which means that in this scale the quantum effects were dominant.
In general the quantum cosmological models are derived by considering a finite number
of fields and the presence of geometrical symmetry inherent to the universe, many of which
are proven observationally. The quantization of a system subjected to these conditions is
called quantization in a minisuperspace.
Considering the early universe as the best laboratories where different quantum the-
ories of gravitation can be tested, quantum cosmology has as one of their motivations to
establish application limits to other theories and thus serve as a powerful auxiliary tool
in getting a final theory of quantum gravity.
From a purely cosmological point of view quantum cosmology plays an important role
in solving a serious problem of the standard cosmological model, that is the existence of
an initial singularity. Mechanisms such as quantum tunneling whose use is common in
more conventional cosmological models [13] or even more sophisticated approaches like
the loop quantum gravity where the volume is quantized and the evolution of the universe
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takes place in discrete time intervals [14, 15, 16] are examples of consistent solutions of
this problem.
In addition, the theory allows us to establish the conditions for inflation, for the
primordial perturbations and the seeds of the large scale structures of the universe and
spontaneous symmetry breaking that must have happened in the early universe [17]. That
is, the quantum cosmology can be considered as a theory of initial conditions.
In this scenario, the Schutz’s formalism is especially adequate. It has the advantage
of ascribing dynamical degrees of freedom to the fluid to introduce the variable time.
As an example, we analyze a perfect fluid Friedmann-Lemaitre-Robertson-Walker
(FLRW) quantum cosmological model. The metric that describes such homogeneous
and isotropic universe is
ds2 = −N(t)2dt2 + a(t)
(
1
1− kr2 + r
2dθ2 + r2sin2θdφ2
)
, (54)
where N(t) is the lapse function, which corresponds to the normal component of the
four-velocity, a(t) is the scale factor and k is the spatial curvature in any time-slice of the
universe, represented by three choices for the value of the parameter −1, 0 e 1. From the
action of gravitation, without the presence of additional fields, given by
Sg =
∫
d4x
√−gR , (55)
we can use the Hamiltonian formalism to describe the system. With the equations (54)
and (55), we obtain the Hamiltonian associated with the gravitational field, given by
Hg = −
p2a
24a
− 6ka , (56)
where pa is the canonical momentum associated to scale factor a. The above procedure
is known as Hamiltonian formulation of general relativity or ADM formalism [18].
The matter content of the universe is modeled as a perfect fluid described by Schutz’s
formalism. In the case of a universe with FLRW metric the action of the fluid, given by
Sf =
∫
d4x
√−gp ,
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can be rewritten as
Sf =
∫
dtNa3ρ ,
where an overall factor of the spatial integral has been discarded, since it has no effect on
the equations of motion.
Using the metric (54) and the energy density in terms of the enthalpy (75) (see details
in appendix A), we have
Sf =
∫
dt

Na3(γ − 1)
(
µ
γ
) γ
γ−1
e−
s
γ−1

 . (57)
As a consequence of the equation (45) we have
µ =
1
N
(φ˙+ θs˙) . (58)
Here we consider that the scalar potentials which describe rotational motion, are zero in
the FLRW model because of its symmetry. Inserting above equation into equation (57)
we obtain
Sf =
∫
dt
[
N−
1
γ−1 a3
γ − 1
γ
γ
γ−1
(φ˙+ θs˙)
γ
γ−1 e−
s
γ−1
]
,
and therefore
Lf = N−
1
γ−1 a3
γ − 1
γ
γ
γ−1
(φ˙+ θs˙)
γ
γ−1 e−
s
γ−1 . (59)
Thus, the canonically conjugate moments φ and s can be rewritten as
Pφ = N
−
1
γ−1 a3 (φ˙+ θs˙)
1
γ−1 γ−
1
γ−1 e−
s
γ−1 , (60)
and
Ps = θ Pφ .
By canonical methods the Hamiltonian of the fluid Hf can be expressed as
NHf = φ˙pφ + s˙ps − Lf
= (φ˙+ θs˙)Pφ −N−
1
αa3
α
(α + 1)1+
1
α
(φ˙+ θs˙)1+
1
α e−
s
α . (61)
Using equation (60) we obtain
Hf =
P γφ e
S
a3(γ−1)
.
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To rewrite the Hamiltonian in a more simple way, we introduce the following canonical
transformation
t = −Pse−sP−γǫ , pt = P γǫ es , ǫ¯ = ǫ− γ
Ps
Pǫ
, P¯ǫ = Pǫ , (62)
so
Hf =
pt
a3(γ−1)
, (63)
where a linear canonical moment appears on the theory associated with the degrees of
freedom of the perfect fluid.
With this matter Hamiltonian, we can write the total Hamiltonian, H , which describes
the dynamic behavior of the universe
H = Hg +Hf = −
p2a
24a
− 6ka + pt
a3(γ−1)
. (64)
According to Dirac’s quantization procedure we have
pk → pˆk = ± i ∂
∂qk
,
where qk are the generalized coordinates of the system and pk are his canonically associated
moments. So
Hˆ =
∂2
∂a2
− 144ka2 + 24ıa(4−3γ) ∂
∂t
. (65)
The fundamental equation of quantum cosmology is known as the Wheeler-DeWitt
equation [12, 13]. This equation is obtained from the quantization of the canonical mo-
ments involved in the construction of the Hamiltonian formalism of general relativity and
other moments of the theory. In the current context, this equation can be written making
the equation (65) as an operator that annihilates the wave function of the universe Ψ, so
that
HˆΨ(a, t) =
[
1
24a
∂2
∂a2
− 6ka+ ıa(4−3γ) ∂
∂t
]
Ψ(a, t) = 0 . (66)
We note that the introduction of degrees of freedom associated with the fluid leads
to the appearance of a linear conjugated moment in this equation transforming it into a
real Schrödinger equation with which we can describe the time evolution of the system.
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At this point the Schutz’s formalism appears as a powerful tool to assign the degrees of
freedom of the fluid, including its entropy, the crucial role of time.
Different cosmological scenarios can be studied by varying the fluid considered by
choosing different values of γ [19, 20, 21], models with two perfect fluids, exotic matter
and modified gravity f(R) [22, 23, 24, 25, 26, 27]. The Schutz’s formalism is used even
with success in anisotropic quantum cosmology [28, 29, 30, 31, 32, 33, 34], bouncing
cosmologies [35, 36, 37] or very recently on Brans-Dicke theory and scalar-tensor theories
[38, 39, 40, 41].
Recently, the Seliger-Whitham and Schutz’s formalism concepts have been applied
in other proposals of reformulation of the action principle of the non-relativistic and
relativistic perfect fluid [42].
5 Final Words
In this paper, we have analyzed the construction of the hydrodynamical theory by
means of variational principle making use of velocity potentials in the classical and general
relativistic cases.
For a perfect fluid in general relativity, we work with six velocity potentials. Variation
of the Schutz’s action with respect to the metric tensor yields Einstein’s equations. Vari-
ation with respect to the velocity potencials reproduces the Eulerian equations of motion.
Using this relativistic formalism, we obtained a consistent alternative to the problem of
the absence of a time variable in the Wheeler-DeWitt equation in the quantum cosmology.
Our main care was being pedagogically clair. This is an important subject that is little
known. As far as we know there is no a complete revision in the literature despite being
widely used in quantum cosmology. We hope that this work can be useful for students
and researches in relativistic hydrodynamics and quantum cosmology.
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Appendix A Elementary aspects of the thermody-
namics of one perfect fluid
Consider an one component perfect fluid composed by baryons, in the sense discussed
by Fermi in his book [43]. Since baryons may suffer transmutation, the pure mass of a
group of baryons is not conserved. This situation does not happen with the number of
baryons N . Thus, mHN is defined as the (conserved) rest mass in a sample of matter
containing N baryons, where mH is the mass of the Hydrogen atom at the ground state.
The difference between the total mass E and mHN is called internal energy
4 and is
expressed by U . We denote by ρ0 the rest mass density and by u =
U
mHN
the specific
internal energy, both measured in a reference system momentarily at rest in fluid. This
makes it possible to write
U = E −mHN , (67)
so that
E
mHN
= u+ 1 . (68)
Now, by dividing the previous result by the volume of sample that contains N baryons,
you can write equation (68) as
ρ = ρ0(1 + u) . (69)
where ρ0 is the particle number density and ρ is the energy density.
We will use here a equation of state written as p = p(ρ, u). We also will use the first
law of thermodynamics
dW = dU + pdV .
4in units of c = 1.
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By dividing the above equation by mHN we can write
dw = du+ pd
(
1
ρ0
)
, (70)
where dw is the amount of energy per rest mass unit, added to the fluid in a quasi-static
process.
As the equation of state depends on two parameters, the Pfaff theorem 5 ensures the
existence of functions such as specific entropy s(ρ0, u) and temperature T (ρ0, u), such that
du+ pd
(
1
ρ0
)
= Tds . (71)
Then, we define inertial mass (enthalpy) 6 as
µ =
ρ+ p
ρ0
= 1 + u+
p
ρ0
, (72)
where the amount (ρ + p) behaves as inertial mass per unit volume of a perfect fluid.
With this, we can use dµ to eliminate du in (71), which allows to obtain
dp = ρ0dµ− ρ0Tds , (73)
where we can see the possibility to express ρ0 and u as functions of µ and s such that
the equation of state takes the form p = p(µ, s). For the barotropic equation of state
p = (γ − 1)ρ, where γ is a constant, we can write after some algebraic manipulations
(1 + u)d[ln(1 + u)− (γ − 1) ln ρ0] = du+ pd
(
1
ρ0
)
= Tds .
It follows that
T = 1 + u ,
and
s = ln(1 + u)− (γ − 1) ln ρ0 .
5The Pfaff’s theorem is an old theorem of differential forms. A good discussion can be found in
Reference [4].
6as defined and discussed in Reference [4]
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The last equation can be rewritten as
ρ0 = (1 + u)
1
γ−1 e−
s
γ−1 . (74)
Furthermore, from equation (72), we obtain
(1 + u) =
µ
γ
.
Replacing the previous equation in equation (74), we can write
ρ0 =
(
µ
γ
) 1
γ−1
e−
s
γ−1 ,
but
ρ = ρ0(1 + u) = ρ0
µ
γ
=
(
µ
γ
) γ
γ−1
e−
s
γ−1 , (75)
and finally
p = (γ − 1)
(
µ
γ
) γ
γ−1
e−
s
γ−1 . (76)
In the above expression the fluid pressure can be expressed directly in terms of their
enthalpy.
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